We derive a new renormalization group to calculate a non-trivial critical exponent of the divergent correlation length which gives a universality classification of essential singularities in infinite-order phase transitions. This method resolves the problem of a vanishing scaling matrix in infinite-order phase transitions. The exponent is obtained from the maximal eigenvalue of a scaling matrix in this renormalization group, as in the case of ordinary second-order phase transitions. We exhibit several nontrivial universality classes in infinite-order transitions different from the well-known Berezinskiȋ-Kosterlitz-Thouless transition.
Introduction The Berezinskiȋ-Kosterlitz-Thouless (BKT) transition is well-known as an infiniteorder phase transition [1] . The correlation length ξ has an essential singularity at the critical coupling parameter g c ξ ∼ exp(A|g − g c | −σ ),
with a critical exponent σ = 1/2 or 1. In c = 1 conformal field theory, there are discrete points where infinite-order transitions occur. Any of them shows the same universality as the BKT transition.
One observes different σ from 1/2 or 1 a few times.Recently, a model of a quantum spin chain with a critical exponent σ = N N +2
is studied by Itoi and Kato [2] , where N > 1 is an integer. They pointed out that an infinite-order phase transition with a different critical exponent occurs by SU(N) symmetry breaking marginal operator. In N = 3 case, it corresponds to the gapless-Haldane phase transition in a spin 1 isotropic antiferromagnet in one dimension. Though there have been many studies of those models with the universality class of the BKT transition, the universality classification of infinite-order transition by this critical exponent have never been discussed.
In this letter, we study the universal nature of the critical exponent σ in the infinite-order phase transitions. We show that the critical exponent σ is determined from the operator product coefficients of the marginal operators which cause the infinite-order phase transition. It is shown that a marginally irrelevant operator can affect the value of the critical exponent σ as well as a marginally relevant operator.
In a ordinary finite-order phase transition, we obtain a critical point as a zero of the beta function and obtain the critical exponent of the correlation length by the inverse of the maximal eigenvalue of the scaling matrix given by the derivative of the beta function. One does not have to solve the differential equation exactly to obtain the exact critical exponents in this case. In the infinite-order phase transition however, the scaling matrix vanishes at the critical point, since the phase transition occurs only by marginal operators. So far, one has had to solve the differential equation explicitly to obtain the critical exponent, although the RGE with multiple parameters is generally non-integrable due to its non-linearity except some fortunate cases, say the BKT transition. Because of this difficulty, the universality classification of infinite-order phase transition by the critical exponent σ in eq. (1) has never been succeeded.
Here, we employ a new renormalization group method to study the long distance asymptotic behavior of the solution of the original RGE. Recently, there are remarkable studies of the long time asymptotic behavior of nonlinear differential equations by a renormalization group method which is applicable to many problems of non-linear equations [3, 4] . Koike, Hara and Adachi used this general method practically for a critical phenomenon in the Einstein equation of the gravitational collapse with formation of black holes [5] . Here, we remake this method which enables us to calculate the critical exponent σ in eq.(1) without solving the differential equation explicitly. This new RGE regards the critical line as a fixed point, where the derivative of the beta function has non-zero value, and then the inverse of the maximal eigenvalue gives the critical exponent σ.
RGE for RGE Let us begin with RGE for a given set of n marginal operators
where g = (g 1 , · · · , g n ) is a set of coupling parameter and t = log l with l being a length-scale parameter. Since the operators are all marginal, the right-hand side is expanded as
where C ij k is proportional to the operator product coefficients of the operators. First we neglect the higher order terms O(g 3 ), and later we discuss the irrelevance of those neglected terms.
In general, we find several critical surfaces where the RG flow is absorbed into the origin. A phase transition occurs if the initial coupling crosses one of the critical surfaces. These critical surfaces divide the coupling parameter space to several regions which are phases. We consider one massive phase surrounded by a set of critical surfaces, where there are several marginally relevant coupling parameters. In this region, we have a finite correlation length which becomes large near the critical surface.
We are going to study the RGE (2) in order to evaluate the asymptotic behavior of the correlation length in this region. To this end, we define another renormalization group on n − 1 dimensional sphere S n−1 . We denote the solution g of eq.(2) with the initial condition Φ oldmath a = (a 1 , · · · , a n ) on S n−1 with a 2 = 1 as
namely, g(0, a) = a. The function e τ g(e τ t, a) is a solution of the RGE (2) as well, because of its scale invariance. Here, we define a new renormalization-group transformation R τ acting on the initial condition a by
where the function s(τ ) is determined by a length preserving condition
If we define a function a(τ ) ≡ R τ a, the following condition
leads to a differential equation for the function s(τ )
with an initial condition s(0) = 0. This equation gives a new RGE for the original RGE
We can trace the flow on the sphere S n−1 instead of tracing the flow on the original coupling parameter space. We find a critical line in the original RGE as a fixed point a * of this new RGE such that β(a * ) = 0. Note that −a * is also fixed point, if a * is fixed point in this new RGE. One corresponds to attractive critical line, if the other one is repulsive and vice versa. The new RGE does not distinguish attractive and repulsive critical lines in the original RGE as a fixed point. The RG transformation R τ is defined at least for τ with the monotonic function s(τ ) and for any point near each fixed point on the sphere S n−1 . To obtain the global picture of the flow, we have to introduce several n − 1 dimensional surfaces instead of the sphere S n−1 in the coupling parameter space. To evaluate the critical exponent σ, however, we have to only investigate near the concerning fixed point. The scaling matrix of the beta function (9) does not vanish at a fixed point in general and then the beta function can be linearized near the fixed point
This scaling matrix ∂β i /∂a j at the fixed point describes the long distance asymptotic behavior of the running coupling in the original RGE. If the scaling matrix is diagonalized at the fixed point with eigenvalues β i by a new coordinate a ′ i , we can write the asymptotic form of a ′ i with a large τ
Here, let us obtain the critical exponent σ in eq.(1) determined by the original RGE (2) from the eigenvalue β i of this scaling matrix. Let β 1 be the maximal eigenvalue, we have one most relevant parameter a ′ 1 (τ ) and other parameters a ′ 2 (τ ), · · · , a ′ n (τ ) which can be neglected in general. In the original RGE (2), the correlation length ξ is determined by
Near the critical surface a ′ 1 ∼ 0, the leading divergent part of the correlation length ξ of the system is a certain function of its relevant coupling parameter a
In a renormalized theory with a parameter τ , the correlation length is determined by
as in the case of the original theory. With a large τ , we have a leading contribution from only a ′ 1 (τ ) and we can neglect other parameters. And then, the correlation length becomes
Since s(τ ) is analytic at a ′ 1 = 0 on the sphere S n−1 , the critical exponent of the divergent correlation length becomes
This quantity does not depend on the initial value of the coupling parameter, or the definition of the renormalization group eq.(6) either. The exponent (16) does not change, even if one changes the surface to any other instead of the sphere S n−1 . And therefore σ is a universal quantity. We can observe other relevant exponents 1/β 2 , 1/β 3 , · · · in an appropriate fine tuning of the initial parameters. Next, we discuss the irrelevance of the higher order terms in the original RGE (2). If we have higher order terms, the renormalization transformed coupling with τ obeys different equation because of their scale breaking nature. The scaled coupling g ′ (t) = e τ g(e τ t, a) obeys
Note that the higher order term becomes smaller and the RGE takes the critical scale invariant form asymptotically. Therefore higher order terms are irrelevant to determine the critical exponent.
Example 1 (2-parameter system) Here, we consider the SU(N) Wess-Zumino-Witten (WZW) model in two dimensions as a critical theory. This model has (N 2 − 1) 2 marginal operators. First, we consider a simple 2-parameter system which includes the BKT universality as a special case N = 2. We define a SU(N) symmetric marginal operator φ 1 (z,z) and a symmetry breaking one φ 2 (z,z)
where J ab andJ ab are the SU(N) currents of the left and the right movers, respectively. These two marginal operators satisfy closed operator product expansions
The action integral A of the perturbed theory is
The operator product expansion formula eq.(20) yields the renormalization-group equation (2) with n = 2 and
In the case of N = 2, we have fixed line g 1 + g 2 = 0 which is well-known as c = 1 conformal field theory (CFT) with continuous radius. In the case of N > 2 however, we have the only fixed point at the origin. In the region g 1 < 0, coupling g 2 is marginally relevant (irrelevant) if g 2 > 0 (g 2 < 0) for any N. The beta function eq. (9) in the RGE for RGE is
with a 
which is identical to that obtained by the complete solution of the differential equation in [2] . Note that σ = 1/2 at N = 2 is exactly the same as the well-known result in the BKT type universality. Any theory of c = 1 CFT with marginal perturbations has the critical exponent σ = 1/2 or σ = 1, as is well-known [8] . This is because that the level 1 SU(2) WZW theory is the maximally symmetric theory in c = 1 CFT and it gives the most general theory with marginal perturbation in c = 1 CFTs [9] . The most general theory with marginal perturbations describes a quantum XYZ chain with spin 1/2. The infinite-order phase transition occurs only at a line of the XXX chain. This corresponds to N = 2 in our analysis. In the case of c > 1 CFT with marginal perturbation, however, we show some new universality classes with non-trivial critical exponents σ eq.(23) for N > 2. For example, the transition in the case of N = 3 describes the gapless-Haldane phase transition with the exponent σ = 3/5 from the SU(3) symmetric line g 2 = 0 in an isotropic spin 1 chain [2] .
Example 2 (3-parameter system) Next, we consider a non-trivial 3-parameter system, an SU(2)-invariant marginal deformation of k = 1 SU(4) WZW model whose RGE becomes nonintegrable. This model describes a S = 3/2 quantum spin chain around the SU(4) symmetric UiminLai-Sutherland model [6, 7] with some SU(2) invariant perturbation. The SU(2) transformation is generated by
where
is the spin matrix in the spin-3/2 representation. Marginal operators invariant under the SU(2) transformation is constructed in the following way: 
which indicates that there are three independent marginal operators. Here we consider the perturbation
Using the operator product expansion of SU (4) 
The RGE is 
